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Abstract. We present a study of the nonmesonic weak decay (NMWD) of charmed
hypernuclei using a relativistic formalism. We work within the framework of the
independent particle shell model and employ a (pi,K) one-meson-exchange model for
the decay dynamics. We implement a fully relativistic treatment of nuclear recoil.
Numerical results are obtained for the one-neutron-induced transition NMWD rates
of the 12
Λ+c
N. The effect of nuclear recoil is sizable and goes in the direction to decrease
the nuclear decay rate. We found that the NMWD decay rate of 12
Λ+c
N is of the same
order of magnitude as the partial decay rate for the corresponding mesonic decay
Λ+c → Λ +pi+, suggesting the feasibility of experimental detection of such heavy-flavor
nuclear processes.
PACS numbers: 24.85.+p, 21.80.+a, 21.90.+f,23.70.+j
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1. Introduction
The field of hadron spectroscopy has been galvanized by the continuous discovery of
the so-called X,Y,Z exotic hadrons since the discovery by the Belle collaboration [1]
in 2003 of the charmed hadron X(3872). They are exotic because they do not fit
the conventional quark-model pattern of either quark-antiquark mesons or three-quark
baryons. Most of the X,Y,Z hadrons have masses close to open heavy-flavor thresholds
and decay into hadrons containing charm (or bottom) quarks [2]. On a parallel route
in nuclear physics, there has been growing interest in the study of the interactions of
charmed hadrons with atomic nuclei [3, 4, 5]. Several investigations have predicted
the existence of nuclear bound states with charmed mesons [6, 7, 8, 9, 10, 11, 12] and
charmed baryons [13, 14, 15, 16, 17]. The study of such systems is of great scientific
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interest since new degrees of freedom are introduced into the traditional world of nuclei
by revealing the existence of new forms of nuclear matter.
Historically, single-Λ hypernuclei (with strangeness S = −1) represent the first
kind of flavored nuclei with nonzero strangeness ever observed [18], an event that
marks the inauguration of a new branch of nuclear physics, hypernuclear physics.
The field has developed in an independent direction — Refs. [19] and [20] are
recent reviews on experiment and theory, respectively. Presently different kinds of
hypernuclei as doubly-strange hypernuclei [21, 22, 23, 24], antihypertriton [25] and exotic
hypernuclei [26, 27, 28] are vigorously studied.
The possibility to form Λ+c and Σ
+
c hypernuclei was first suggested about 40 years
ago [29], soon after the discovery of the charm quark, and a first calculation of their
binding energies [30] was performed in the framework of a meson exchange model with
coupling constants determined by SU(4) flavor symmetry. Although the existence of
charmed nuclei has not been experimentally demonstrated in a conclusive way [31, 32],
several authors in the succeeding decades have found, using different models for the
interactions between nucleons and charmed baryons, that such hypothetical flavored
nuclei could actually form a rich spectrum of bound systems [33, 34, 13, 14]. The
experimental situation can change in a few years, with the starting of operation of
the FAIR facility in Germany, and the extension of the Hadron Hall at the JPARC
Laboratory in Japan, where the present proton beam will be used by adding in the
extension a secondary target to produce antiprotons for charmed hadron production.
Before approaching the weak decay of Λ+c hypernuclei, let us recall some well known
facts about that of Λ hypernuclei. The free Λ hyperon decays mainly via the pionic
modes [35]
Λ→ p+ pi+ + 38 MeV (64%),
Λ→ n+ pi0 + 41 MeV (36%), (1)
with a lifetime of τΛ = (2.63 ± 0.02) × 10−10 s. These same decay modes take place
within a Λ hypernucleus, but the Λ hyperon is now bound and the energy of the released
nucleon N = p, n is small (≤ 10 MeV) in comparison with the Fermi energy F = 37
MeV. Thus, the pionic decay modes are severely inhibited by Pauli blocking of the final-
state nucleons, which makes the hypernuclear mesonic decay rate Γm to be relatively
small compared with the free decay rate, ΓΛ = ~/τΛ = (2.50 ± 0.02) × 10−6 MeV, in
all but the lightest hypernuclei. This fact potentiates the occurrence of the nonmesonic
weak decay (NMWD) reaction
Λ +N → N +N, (2)
within the hypernucleus, which liberates enough kinetic energy to put the two emitted
nucleons above the Fermi surface. As a consequence, the NMWD dominates over the
mesonic mode in medium and heavy hypernuclei and has a decay rate Γnm ≡ Γp + Γn
which is about of the same value as ΓΛ — it must be mentioned that there is also
a somewhat sizable contribution from two-nucleon induced channels to Γnm [19, 20],
which we are not taken into account here. Needless to say that the investigation of
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the dynamics of the NMWD in Λ hypernuclei is an indispensable tool to inquire about
the baryon-baryon strangeness-changing interaction, and many experimental [36, 37]
and theoretical [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52] groups have
concentrated efforts on this subject — for a more complete list of references, see e.g. the
review in Ref. [53]. Recently, it was suggested that the pi + K meson-exchange model
with soft monopole form factors could be a good starting point to describe this type of
interaction in light and medium systems [54, 55].
The lifetime of the free charmed baryon Λ+c is τΛ+c = (2.00± 0.06)× 10−13 s, which
corresponds to the decay rate Γ(Λ+c → all) = (3.29± 0.10)× 10−9 MeV. Among several
hadronic decay channels with a hyperon in the final state, it also decays via the pionic
mode [35]
Λ+c → Λ + pi+ + 1030 MeV (1.07%), (3)
with a partial width of Γ(Λ+c → Λ+pi) = (4.28±0.26)×10−11 MeV. This mesonic decay
can also take place inside a Λ+c charmed-nucleus, and since the produced Λ hyperon is
not Pauli blocked, it will have a decay rate similar to that of the free Λ+c [56].
Bunyatov et al. [57] have suggested long ago that Λ+c hypernuclei, analogously to
Λ hypernuclei, may also decay nonmesonically. In this case, the NMWD reaction would
be driven by the reaction
Λ+c + n→ Λ + p. (4)
However, there are important differences between the NMWD of Λ hypernuclei and that
of Λ+c hypernuclei. One of the most important differences concerns the energy liberated
in the charmed hyperon decay (' ∆c = MΛ+c − MΛ = 1.170 GeV), which is several
times bigger than that of the strange hyperon (' ∆s = MΛ − MN = 177 MeV). A
consequence of this large energy release is that nonrelativistic approaches might become
inapplicable for the evaluation of NMWD transition matrix elements in charmed nuclei.
In addition, a large energy release also implies that nuclear recoil cannot be neglected
in the calculation of decay rates, particularly for light- and medium-weight nuclei. It is
therefore important to examine the impact of relativistic effects on the decay rates. On
the other hand, the interactions of the fast outgoing baryons with the residual nuclear
system are expected to play a minor role.
In the present work we use the relativistic formalism developed in Ref. [58] for the
NMWD of Λ hypernuclei to investigate the similar decay process in Λ+c hypernuclei.
The formalism is based on an independent-particle shell model. The application of a
relativistic model for the study of the structure of hypernuclei dates back to the late
1970’s [59], but so far not much is known about the impact of a relativistic approach
in the evaluation of NMWD rates. The first studies started two decades ago [60] using
single-particle bound-state wave functions obtained by solving the Dirac equation with
static Lorentz-scalar and Lorentz-vector Woods-Saxon potentials, and transition matrix
elements calculated with the pseudoscalar (pi,K) one-meson-exchange model. A similar
relativistic approach for the nuclear structure was described in Refs. [61, 62].
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We implement a fully relativistic treatment of recoil. Short-range correlations in
the initial state, that arise due to the overlap of the wave functions of Λ+c and nucleons
in the hypernucleus are not captured in a mean field treatment of nuclear structure, but
are expected to be of less importance in the NMWD of a charmed hypernucleus than
of a strange hypernucleus. This is because the short-range repulsion in Λ+c −N is much
weaker than in Λ−N , as indicated by a recent lattice QCD calculation [63]. Therefore,
in this first study we neglect their effects in the calculation of decay rates.
The paper is organized as follows. In Section 2 we explain the general shell model
formalism for the NMWD of single Λ+c hypernuclei. Next, in Section 3, we deal with
the expression for the two-body NMWD transition amplitude. Then, in Section 4, we
discuss the calculation scheme to obtain the decay rate for charmed nuclei with open-
and closed-shell cores, at first without taking recoil effects into account. Subsequently,
in Section 5, these effects are discussed in the relativistic framework. Numerical results
for the NMWD of 12
Λ+c
N are presented in Section 6, where we also examine the impact
of the fully relativistic treatment of the recoil effect on the decay rate and some related
spectral distributions. Our conclusions and perspectives for future work are presented
in Section 7. The paper contains three appendices; in Appendix A we present details on
the bound and continuum single-particle wave functions used in the calculation of the
decay rates. We also present numerical results for the single-particle energies. Appendix
B implements the the partial-wave decomposition of the decay amplitude. Finally,
Appendix C collects details on the integration over the outgoing proton when using the
relativistic formalism of nuclear recoil.
2. Relativistic independent-particle shell model
The nuclear structure aspects of the charmed NMWD will be described in the framework
of a relativistic version the spherical Independent Particle Shell Model (IPSM). The
charmed hypernucleus with A baryons is assumed to be in its ground state, which is
taken as a charmed baryon Λ+c in the single-particle state jΛ+c = 1s1/2 weakly coupled
to the appropriate (A − 1) nuclear core of spin JC , forming an initial state of spin JI ,
i.e.,
|JI〉 ≡
(
a†j
Λ+c
⊗ |JC〉
)
JI
. (5)
In the specific case of the hypothetical charmed hypernucleus‡ 12
Λ+c
N, the core state
|JC〉 = a˜1p3/2n |
12C〉, (6)
‡ We adhere to the notation used in most of the recent [13, 14, 17] and past [31, 34] literature on
charmed hypernuclei, in that a charmed Λ+c hypernucleus with A baryons and total electric charge Z
receives the name of ordinary nuclides with Z protons. Specifically, in the present case, the charmed
hypernucleus is composed by A = 12 baryons and Z = 7 units of (positive) electric charge: one Λ+c ,
five neutrons and six protons. Therefore, it is denoted by 12
Λ+c
N, where N stands for Nitrogen. Notice
that its nuclear structure aspects within the IPSM are analogous to those of the strange hypernucleus
12
Λ C dealt with in Ref. [58].
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is assumed to be a 1p3/2 neutron-hole with respect to the ground state of
12C, consisting
of completely closed 1s1/2 and 1p3/2 subshells for both neutrons and protons, which is
taken to be the Fermi sea. One has to recall that the modified annihilation operators
a˜jm ≡ (−)j+maj−m are spherical tensors [64]. When the neutron inducing the decay is
in the single-particle state jn (j ≡ nlj), the final states of the (A− 2) residual nucleus
read
|JF 〉 =
(
a˜jn ⊗ |JC〉
)
JF
, (7)
where the final spins JF fulfil the constraint |JC − jn| ≤ JF ≤ JC + jn.
The NMWD reaction in Eq. (4) can be decomposed into transitions in which the
two initial particles are in intermediate states having total angular momentum J . Doing
this, as we shall argue in Section 4, the nuclear structure information in the expression
for the decay rate will be contained in the spectroscopic factors
F jnJ = Jˆ
−2∑
JF
|〈JI ||
(
a†jna
†
j
Λ+c
)
J
||JF 〉|2,
= Jˆ2
∑
JF
{
JC JI jΛ+c
J jn JF
}2
|〈JC ||a†jn ||JF 〉|2. (8)
where we are using the notation Jˆ =
√
2J + 1. The values for JI and JC are taken
from Table I of Ref. [65], assuming that they hold also for charmed nuclei, that is
JC = 3/2 and JI = 1. The experimentally measured ground-state spins in
11C and 12Λ C
are, respectively, 3/2− and 1−, as can be seen, for instance, from Fig. 16 in Ref. [20].
Regarding JI , the other possible value for it would be JI = 2. But in the absence of
experimental or lattice results on the spin-dependent forces in the Λc − N interaction
that ultimately lead to the splitting between the two states, we have simply assumed
for 12
Λ+c
N the measured value of JI in
12
Λ C, although a smaller splitting can be expected
on the account of the larger mass of the Λ+c that suppresses spin-dependent forces. The
corresponding values for the factors F jnJ are listed in Table II of of Ref. [65].
The single-particle states for each kind of bound baryon (neutron, proton, Λ+c ) are
the energy eigenfunctions of the respective single-particle Dirac Hamiltonian
hˆ = −iα · ∇+ V0(r) + β[M + S0(r)], (9)
where V0 and S0 are spherically-symmetric vector and scalar potentials. These are
constructed in the scheme of the relativistic, spherical, mean-field approximation
(MFA) [66, 67] for the nearest doubly-closed-subshell nucleus — see Appendix B of
Ref. [58]. We recall that the evaluation of the matrix elements of the NMWD is made
in the IPSM and, for consistency, this demands that the Λ+c wave functions be those
generated by the spherically symmetric mean fields for the 12C nucleus; that is, there is
no back reaction of the Λ+c on the mean fields. For nucleons, we choose the potentials
corresponding to the model Lagrangian NL3 of Ref. [68]. For the Λ+c , they are, in the
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Figure 1. One meson exchange diagrams for tree-level processes involving Λ+c n
interaction. The diagram (A) corresponds to the one-pion exchange contribution and
the diagram (B) corresponds to the one-kaon exchange contribution for the two-body
transition amplitude.
notation of Ref. [58], given by
V Λ
+
c
0 (r) = g
Λ+c
ω ω0(r) + eA0(r),
SΛ
+
c
0 (r) ≡ SΛ
+
c (r)−MΛ+c = gΛ
+
c
σ σ(r). (10)
We use SU(4) flavor symmetry to fix the meson-Λ+c couplings, g
Λ+c
ω = g
Λ
ω and g
Λ+c
σ = g
Λ
σ .
The numerical values of the meson-nucleon couplings and meson and nucleon masses are
from Ref. [68] and for the meson-Λ couplings from Ref. [69] — they are collected in the
Appendix B of Ref. [58]. Presently, not much is known about the effect of SU(4) flavor
symmetry breaking on these effective couplings; recent studies of related couplings (e.g.
gNΛK and gNΛcD) revealed [70, 71] that the breaking is not very large, but a separate
study is required to access the effect on the couplings gΛ
+
c
ω and g
Λ+c
σ .
The general form of the single-particle wave functions is given in Appendix A,
where we also present the values of the corresponding energy eigenvalues. In that same
appendix we also collect the relevant formulae associated with the continuum wave
functions for the ejected proton and Λc.
3. Relativistic two-body transition amplitude
For the NMWD dynamics we adopt the one-meson-exchange model (OME) including
only the pion (pi) and kaon (K) contributions. Therefore, the transition amplitude M
for the two-body NMWD reaction in Eq. (4) can be obtained from the Feynman rules
applied to the two diagrams in Fig. 1. Due to strangeness and charm selection rules, the
pi meson contributes only to diagram (A) and the K meson contributes only to diagram
(B). The baryon-baryon-meson weak (W ) and strong (S) vertices for pi and K are taken
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from the corresponding coupling-Hamiltonians, which are:
(i) For one-pion-exchange:
HSNNpi = igNNpiΨ¯Nγ5τ ·ΦpiΨN ,
HWΛcΛpi = iGF m2piΨ¯Λ (Api +Bpiγ5 ) τ ·ΦpiΨΛc , (11)
where τ is the isospin operator, Φpi and ΨN are pion and nucleon fields, and Api and
Bpi are parity-conserving (PC) and parity-violating (PV) amplitudes. The strange
and charmed baryon fields are written in accordance with the isospurion strategy
to enforce charge conservation in the vertices of Fig. 1, that is,
ΨΛ = ψΛ
(
0
1
)
, ΨΛc = ψΛ+c
(
1
0
)
. (12)
The strong coupling constant is gNNpi = 13.3 and the Fermi coupling constant is
given by GFm
2
pi = 2.21 × 10−7. We use the experimental values from the CLEO
collaboration [73] for the PC and PV amplitudes: Api = −1.56 and Bpi = 6.63 —
note that these values are in units of GFm
2
pi, while the CLEO collaboration quotes
the results is units of GFVcsVud × 10−2 GeV2, where Vcs and Vud are the standard
Cabbibo-Maskawa-Kobayashi matrix elements.
(ii) For one-kaon-exchange:
HSNΛK = igNΛK ψ¯Λγ5 ( Φ(K) )†ΨN ,
HWΛcNK = iGF m2piψ¯p (AK +BKγ5)φ(K
0)ψΛ+c , (13)
where ψΛ+c and ψp are the charmed and proton fields, AK and BK are the PC and
PV amplitudes, respectively. For kaons we can write the field operator Φ(K) and
its hermitian conjugate ( Φ(K) )† as
Φ(K) =
(
φ(K
+)
φ(K
0)
)
, ( Φ(K) )† =
(
φ(K
+)† φ(K
0)†
)
. (14)
The strong coupling-constant is gNΛK = −14.1. There are no experimental values
for the PV and PC amplitudes AK and BK ; we use the values from theoretical
predictions in Ref. [74] for the Λ+c → p+ K¯0 weak transition, namely AK = −0.95
and BK = 9.17, in units of GFm
2
pi.
When applying the Feynman rules, the baryon field operators should be expanded in
terms of the eigenfunctions of the corresponding single-particle Hamiltonians in Eq. (9).
Doing this, one gets for the two-body transition amplitude
M(pΛsΛ,ppsp; jΛ+c mΛ+c , jnmn) =Mpi −MK , (15)
with
Mpi =
∫
dx dy ψ¯pΛsΛ(x)Γ
pi(tΛ, tp)Ψj
Λ+c
m
Λ+c
(x)∆pi(|x− y|)ψ¯ppsp(y)γ5Ψjnmn(y),
MK =
∫
dx dy ψ¯ppsp(x)Γ
K(tp, tΛ)Ψj
Λ+c
m
Λ+c
(x)∆K(|x− y|)ψ¯pΛsΛ(y)γ5Ψjnmn(y), (16)
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where the negative sign in Eq. (15) comes from the crossing of two fermion lines in
Fig. 1(B). The baryon bound and free Dirac wave-functions Ψ and ψ , respectively, have
the forms given in Eqs. (A.1) and (A.6)–(A.8), and we have defined matrices
Γpi(tΛ, tp) = Api(tΛ, tp) + Bpi(tΛ, tp)γ5,
ΓK(tp, tΛ) = AK(tp, tΛ) + BK(tp, tΛ)γ5, (17)
with the pion and kaon effective PC and PV coupling-constants given by
Api(tΛ, tp) = GFm2pigpiNNApiI(tΛ, tp), Bpi(tΛ, tp) = GFm2pigpiNNBpiI(tΛ, tp),
AK(tp, tΛ) = GFm2pigKΛNAKK(tp, tΛ), BK(tp, tΛ) = GFm2pigKΛNBKK(tp, tΛ), (18)
where I(tΛ, tp) = 2 and K(tp, tΛ) = 1 are isospin factors.
For the meson propagators, we attach at each vertex the form factor
FM(q
2) =
Λ2M −m2M
Λ2M + q
2
,
with q2 ≡ (q0)2 − q2, where q is the transferred momentum, getting
∆M(|x− y|) =
∫
dq
(2pi)3
e−iq·(x−y)
(q0)2 − q2 −m2M + iε
F 2M
(
(q0)2 − q2 ) , (19)
for M = pi,K. These propagators depend on the energy q0 carried by the exchanged
meson, which is taken as q0 = (q0W +q
0
S)/2, with q
0
W and q
0
S fixed by energy conservation
at the weak (W ) and strong (S) vertices. The numerical values for the cutoffs are the
same as those used in Ref. [58], namely, Λpi = 1.3 GeV and ΛK = 1.2 GeV.
To conclude this section, we mention that the angular integrations in the transition
amplitude in Eq. (15) can be simplified by performing partial-wave expansions. This is
done in Appendix B.
4. Decay rate
The NMWD rate of a single-Λ+c charmed nucleus of baryon number A in its ground
state with spin JI and spin-projection MI and energy EI , i.e., the partial width for its
decay through the reaction in Eq. (4) into a residual nucleus with (A − 2) nucleons,
emitting a Λ-hyperon and a proton, is given by the Fermi Golden Rule as
Γnm =
2pi
Jˆ2I
∑
MIJFMF
sΛspjn
∫
|MA(pΛsΛ,ppsp, jnJFMF ; JIMI)|2
× δ(EI − EF − TR − EΛ − Ep) dpΛ
(2pi)3
dpp
(2pi)3
, (20)
where MA is the relativistic nuclear transition amplitude that is specified below, EF
and jnJFMF (j ≡ (nlj)) are the energy and quantum numbers of the final states of the
residual nucleus (cf. Eq. (7)). In addition, (Ep,pp, sp) and (EΛ,pΛ, sΛ) are energies,
momenta and spin projections of outgoing p and Λ. There is no summation over isospin
projections in Eq. (20) since they have fixed values in the NMWD process in Eq. (4),
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namely tp = 1/2 and tΛ = −1/2. We have included in the energy conservation condition
the recoil energy
TR ≡ TR(cos θΛp) =
√
M2R + p
2
Λ + p
2
p + 2pΛ pp cos θΛp −MR, (21)
where MR ≈ (A−2)MN is the mass of the residual nucleus and θΛp is the angle between
the two outgoing particles.
Within the IPSM, the relations in Eqs. (5) and (7) allow us to write
EI = EC + εj
Λ+c
+MΛ+c ,
EF = EC − εjn −MN , (22)
where EC is the energy of the core. Thus, the argument of the energy-conserving delta-
function in Eq. (20) reads
EI − EF − TR − EΛ − Ep = ∆jn − TΛ − Tp − TR, (23)
where
Ti = Ei −Mi (i = Λ, p), (24)
are kinetic energies, and
∆jn = ∆c + εjΛ+c
+ εjn , (25)
is the liberated energy. Moreover, from
pi =
√
Ti (Ti + 2Mi) ( i = Λ, p ), (26)
one gets
dpi = p
2
i dpi dpˆi = (Mi + Ti)
√
Ti (2Mi + Ti) dTi dpˆi, (i = Λ, p), (27)
which gives
Γnm = 2pi
∫
dTΛ
(2pi)3
dTp
(2pi)3
ρ(TΛ, Tp)I(pΛ, pp), (28)
where
ρ(TΛ, Tp) = (MΛ + TΛ)
√
TΛ (2 MΛ + TΛ) (Mp + Tp)
√
Tp (2 Mp + Tp), (29)
and
I(pΛ, pp) = Jˆ−2I
∑
MIJFMF
sΛspjn
∫
dpˆΛ dpˆp |MA(pΛsΛ,ppsp, jnJFMF ; JIMI)|2
× δ(∆jn − TΛ − Tp − TR). (30)
To conduct the discussion as simply as possible, we will start with charmed
hypernuclei having a doubly-closed-subshell core (DCSC). In this case, JC = 0, and from
Eq. (7), the IPSM yields JI = jΛ+c , MI = mΛ+c , JF = jn, and MF = mn. Furthermore,
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noticing that, in the IPSM, such a core functions as the vacuum, |0〉, for particles,
anti-particles and holes, Eqs. (5)-(7) take the form
|JC〉 = |0〉, (31)
|JI〉 = a†j
Λ+c
|0〉, (32)
|JF 〉 = a˜jn|0〉, (33)
which imply that the DCSC nuclear transition amplitudeMA is, except for an irrelevant
phase-factor, just the two-body transition amplitude M described in Section 3.
Therefore, Eq. (30) gives
IDCSC(pΛ, pp) = jˆ−2Λ+c
∑
m
Λ+c
jnmn
∑
sΛsp
∫
dpˆΛdpˆp |M(pΛsΛ,ppsp; jΛ+c mΛ+c , jnmn)|2
× δ(∆jn − TΛ − Tp − TR). (34)
When nuclear recoil is neglected, i.e. setting TR = 0, we can use the completeness
relation in Eq. (A.11) to integrate over angles in Eq. (34), getting
IDCSC(pΛ, pp) = (4pi)
4
jˆ2
Λ+c
∑
κΛκpjnJ
(2J + 1) |MJ |2 δ(∆jn − TΛ − Tp) (no recoil), (35)
where
MJ = M
pi
J − (−)jΛ+jp+JMKJ , (36)
is the total angular-momentum-coupled matrix element, the definition and meaning
of which were explained in Appendix B. In obtaining this result, we have eliminated
the Clebsh-Gordan coefficients that appear in Eq. (B.3) by performing summations on
angular momentum projections.
Thus, from Eq. (28), after integrating on Tp, we get that, for a DCSC charmed
hypernucleus, when described by the IPSM, the NMWD rate reads
ΓDCSCnm =
8
pi
∑
κΛκpjnJ
Jˆ2
jˆ2
Λ+c
∫ ∆jn
0
dTΛ
[
ρ(TΛ, Tp) |MJ |2
]
Tp=∆jn−TΛ (no recoil), (37)
with MJ given by Eq. (36) (for the pi +K OME model).
From previous works of Refs. [54, 55, 58, 65, 75, 76], we know that to describe the
NMWD in Λ hypernuclei with open-shell cores within the IPSM it is enough to make
the replacement Jˆ2/jˆ2Λ → F jNJ in the decay-rate expression with the DCSC, where F jNJ
is a spectroscopic factor. Making the same replacements here, i.e. Jˆ2/jˆ2
Λ+c
→ F jNJ in
Eq. (37), with F jNJ given by Eq. (8), we get that NMWD rate in recoilless charmed
hypernuclei is given by
Γnm =
8
pi
∑
κΛκpjnJ
F jnJ
∫ ∆jn
0
dTΛdTp ρ(TΛ, Tp) |MJ |2 δ(∆jn − TΛ − Tp),
=
8
pi
∑
κΛκpjnJ
F jnJ
∫ ∆jn
0
dTΛ
[
ρ(TΛ, Tp) |MJ |2
]
Tp=∆jn−TΛ (no recoil), (38)
for both open- and closed-subshell cores.
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5. Effect of nuclear recoil
When including recoil, one needs to perform the angular integration in Eq. (30). We
proceed as indicated in Eqs. (55)-(57) of Ref. [58], in that one makes the replacement∫
dTΛdTpδ(∆jn − TΛ − Tp)→
1
2
∫
d cos θΛpdTΛdTp δ(∆jn − TΛ − Tp − TR) · · · , (39)
in the first branch of Eq. (38), getting
Γnm =
4
pi
∑
κΛκp jnJ
F jnJ
∫
d cos θΛp dTΛ dTp ρ(TΛ, Tp) |MJ |2 δ[f(Tp)], (40)
where f(Tp) is given by
f(Tp) = ∆jn − TΛ − Tp − TR. (41)
Details on the evaluation of the integration over Tp are presented in Appendix C.
The final result for the rate can be expressed as
Γnm =
4
pi
∑
κΛκpjnJ
F jnJ
∫
dTΛ
∫
d cos θΛp θ(K2)
×
{[
ρ(TΛ, Tp)
|f ′(Tp)| θ(Tp) θ0[f(Tp)] |MJ |
2
]
Tp→T+p
+ [ · ]Tp→T−p
}
, (42)
where T±p is given by
T±p =
K1(TΛ, cos θΛp)± |pΛ cos θΛp|
√
K2(TΛ, cos θΛp)
2K3(TΛ, cos θΛp)
, (43)
where K1, K2 and K3 are given by Eqs. (C.22)-(C.24). Here, the step functions ensure
positivity of K2 and Tp, and θ0(x)
θ0(x) =
{
1 if |x| < 
0 otherwise,
(44)
with  being a suitably chosen small positive value, ensures that the roots are not
spurious solutions to f(Tp) = 0 — see Appendix C for details. The intervals of
integration in Eq. (42) are −1 < cos θΛp < 1 and 0 < TΛ < TmaxΛ with
TmaxΛ =
(2Mp + ∆jn)∆jn
2(Mp +MΛ + ∆jn)
≈ (2Mp + ∆c)∆c
2(Mp +MΛ + ∆c)
= 553 MeV. (45)
In what follows, we shall make reference to the Λ kinetic energy spectrum and to
the pair opening-angle distribution, which are, respectively, the partial integrands in
the variables TΛ and cos θΛp and are denoted by
S(TΛ) =
dΓnm
dTΛ
, (46)
and
S(cos θΛp) =
dΓnm
d cos θΛp
. (47)
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6. Numerical Results and Discussion
We start presenting numerical results for the rate of the one-neutron-induced NMWD
of 12
Λ+c
N. We concentrate on this particular nucleus to compare results with the study
of the 12Λ C hypernucleus we have performed in Ref. [58]. As discussed in the previous
sections, we employ the IPSM and consider the pi and pi +K OME model for the weak
decay process. In this model, the neutron states contributing to the transition are the
jn = 1s1/2 and 1p3/2, and the Λ
+
c is always considered to be in the state jΛ+c = 1s1/2.
We remark that we have found numerically that the contribution from second term
in Eq. (42), coming from the root Tp = T
−
p , is relatively small and may be neglected for
all practical purposes. This same feature was seen in the nonrelativistic treatment of the
recoil effect in the NMWD of the 12Λ N hypernucleus; specifically, Eq. (63) of Ref. [58].
Here and there, this feature can be attributed to phase-space.
Table 1. Parity-conserving (PC), parity-violating (PV), and total decay rates for the
nonmesonic weak decay 12
Λ+c
N→ 10C + p+ Λ, in units of 10−11MeV. Three approaches
to recoil effects and two choices of OME models are considered.
Model ΓPCnm Γ
PV
nm Γnm
No Recoil
pi 1.31 0.89 2.20
pi +K 1.94 0.90 2.84
Relativistic Recoil
pi 0.91 0.59 1.50
pi +K 1.47 0.60 2.07
Nonrelativistic Recoil
pi 1.01 0.68 1.70
pi +K 1.55 0.69 2.24
In Table 1 we present the different contributions to the rates. We consider
separately contributions coming from the parity-conserving (ΓPCnm) and parity-violating
(ΓPVnm) transitions, that correspond, respectively, to the B and A terms in Eqs. (11) and
(13), and also give the total rate, Γnm = Γ
PC
nm+Γ
PV
nm, all of them are in units of 10
−11MeV.
We recall that the PC contribution to Γnm comes from the amplitudes Api and AK and
the PV contribution comes from Bpi and BK , defined in Eq. (18). For each of these
quantities we present three different sorts of results: first, results for the decay rates
without recoil effects, computed with Eq. (38); second, results with relativistic recoil
effects, computed with Eq. (42); and, finally, results with nonrelativistic recoil effects,
in which a nonrelativistic approximation is made for the recoil energy TR, following the
procedure in Ref. [58] for the 12Λ C hypernucleus.
The following conclusions can be drawn from the results displayed in the Table:
(i) The contribution of the one kaon exchange potential is quite significant for the PC
decay rate, but it is very small for the PV decay.
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(ii) Recoil has a sizable impact on the rate and goes in the direction of decreasing it,
at the level of 20% to 30%.
(iii) The difference between the results with relativistic and nonrelativistic treatment of
recoil effects are at the level of 10%, surprisingly not a large effect.
(iv) The predicted NMWD rates Γnm are of the same order of magnitude as the partial
decay rate for the corresponding mesonic decay Γ(Λ+c → Λ + pi) = (4.28± 0.26)×
10−11 MeV, whose measured branching fraction, calibrated relative to the pK−pi+
mode, is B(Λ+c → Λ + pi+) = (1.07 ± 0.28)% [35]. In Ref. [73], is it reported the
value Γ(Λ+c → Λ + pi) = (0.40± 0.11)× 1011s−1 = (2.63± 0.72)× 10−11MeV.
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Figure 2. The 12
Λ+c
N NMWD spectrum as a function of the kinetic energy TΛ, evaluated
without recoil (dash-dotted violet-line), with nonrelativistic recoil (dashed blue-line)
and with relativistic recoil (solid red-line).
In Fig. 2 we show the Λ kinetic energy spectrum S(TΛ), defined in Eq. (46). The
figure shows the spectra evaluated without recoil, with fully relativistic recoil and with
nonrelativistic recoil. Independently of how the recoil effect is treated, the kinetic energy
spectra S(TΛ) always have a symmetric bell shape, with centroid at about TΛ = 300
MeV, which is roughly half the maximum energy TmaxΛ of the emitted Λ.
Finally, in Fig. 3 we show the results for the opening-angle distribution S(cos θΛp),
defined in Eq. (47). We recall that the angular distribution of the emitted particles is
due to recoil; when recoil is neglected, the particles are emitted back to back. We show
results calculated with relativistic and nonrelativistic expressions for the recoil. The
opening-angle distribution S(cos θΛp) in Fig. 3 is similar to the analogous one Sp(cos θnp)
of Fig. 2 in Ref. [76], in that it has a maximum for cos θΛp = −1, but it extends a little
further towards smaller angles.
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Figure 3. Opening-angle distribution of the emitted Λ-p pair in the 12
Λ+c
N NMWD,
evaluated with nonrelativistic recoil (dashed blue-line) and with relativistic recoil (solid
red-line).
7. Conclusions and Perspectives
The investigation of the production of heavy flavor hadrons containing a charm-quark
and their interaction with ordinary hadrons in nuclear medium is of considerable
contemporary interest once it provides an additional means for a better understanding of
new forms of nuclear matter [4, 5]. A major difficulty in such an investigation program
is the lack of experimental information on the free-space and in-medium interactions
involving charmed hadrons unlike what happens in similar problems involving strange
hadrons. In a situation with a lack of experimental information, one way to proceed in
model building is to use symmetry constraints and analogies with other similar processes.
With such a motivation, we investigated in this work the nonmesonic weak decay of
nuclei containing a single Λ+c , relying on previous experience with the analogous Λ
hypernucleus.
We have discussed in Sections 2 and 3 the extension to the 12
Λ+c
N hypernucleus of
a relativistic formalism previously developed in Ref. [58] for the NMWD of the 12Λ C
hypernucleus. We have worked within the framework of the IPSM, with the dynamics
of the Λ+c n→ Λp decay described by the (pi,K) OME model, with unknown couplings
fixed by SU(4) flavor symmetry. Dirac plane waves were expanded in spherical partial
waves, meson propagators were multipole-expanded, so that the two-body transition
matrix elements of the transition could be expressed in terms of two-dimensional radial
integrals. Next, in Section 4, we have implemented the formalism for hypernuclei whose
cores have only closed subshells. Then, to make contact with previous calculations,
we have neglected nuclear recoil effects, which allowed us to reduce six-dimensional
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momentum-space integrals to simple one-dimensional integrals. The result obtained
within this approximation was then generalized to include hypernuclei with open-shell
cores. Finally, in Section 5, we have implemented a fully relativistic treatment of the
recoil effects. Our results have shown that nuclear recoil has a sizable impact on the
decay rate, and goes in the direction of decreasing it by 20% to 30%. Nuclear recoil
gives an angular distribution to the emitted Λp pair and impacts significantly single
kinetic energy spectra.
Very recently, the authors of Ref. [77] have suggested that small-sized (typically with
A = 3) charmed hypernuclei can be formed in nuclear collisions and identified through
their mesonic decays [56] — in this respect, a recent exact three-body calculation [78]
using baryon-baryon interactions obtained from a chiral constituent quark model
predicts a J = 3/2 charmed hypertriton with a binding energy between 140 and
715 MeV. Our study, on the other hand, suggests identification of the formation of
charm hypernuclei via nonmesonic weak decays, which are unique, as they can only
occur in the nucleus. Moreover, one of the the most interesting aspects of our results
is that the predicted NMWD rate is of the same order of magnitude as the measured
decay rate for the corresponding weak mesonic decay:
Γnm(
12
Λ+c
N→ 10C + p+ Λ) ' Γ(Λ+c → Λ + pi+). (48)
Branching ratios even smaller than B(Λ+c → Λ + pi+) = (1.07 ± 0.28)% have been
measured [35]. This suggests that once the charmed hypernucleus 12
Λ+c
N is produced,
its NMWD should be measurable. We have limited our discussion to 12
Λ+c
N, but it is
expected that the NMWD will be very similar in other Λc hypernuclei, since this is the
case in Λ hypernuclei, as can be seen in Table II in Ref. [79]. This makes it even more
feasible to detect the Λp pair in the final state. Needless to say that knowledge of kinetic
energy spectra and of opening-angle Λp correlations such as those shown in Figs. 2 and
3 would be of help in this search. One should be aware, however, of the difficulties
involved in the identification of a charmed nucleus like 12
Λ+c
N in a p¯−nucleus collision.
One possibility would be the production through the reaction chain p¯+ p→ D+ +D−,
D+ +12 C →12
Λ+c
N + pi0. The difficulty here is related to the detection of the pi0 in the
final state. On the other hand, the direct process p¯ + p → Λ+c + Λ¯−c , as suggested in
Ref. [17], would produce a proton hole in 12C, giving rise to the charmed hipernucleus
with A = 12 and Z = 6, i.e. a 12
Λ+c
C with six neutrons, five protons and one Λ+c . We
reserve for a future publication the investigation of the NMWD of this nucleus.
To conclude, we mention that our study is a first incursion in the study of NMWD
of charmed hypernuclei. We have limited the study to a two-body final state in the decay
of Λ+c but, of course, decay processes with larger branching ratios involving multiparticle
final states should be explored in the identification of the formation and decay of charmed
hypernuclei. Therefore, one can envisage a long path, both in theory and experiment,
in the production of these fascinating new forms of nuclear matter.
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Appendix A. Bound and continuum single-particle wave functions
For completeness and to make the paper self-contained, we collect here the relevant
formular associated with the bound and continuum single-particle wave functions. The
bound single-particle wave functions have the general form
Ψκm(r) =
1
r
(
Fκ(r)Φκm(rˆ)
−iGκ(r)Φ−κm(rˆ)
)
≡
(
↑Ψκm(r)
−i↓Ψκm(r)
)
. (A.1)
with κ = ±1,±2, . . . , jκ = |κ| − 1/2,
lκ =
{
κ for κ > 0,
−κ− 1 for κ < 0. (A.2)
The angular part is written, in standard notation, as
Φκm(rˆ) =
∑
sµ
(lµ
1
2
s|jm)Ylµ(rˆ)χs. (A.3)
The radial part is determined from the eigenvalue equation
hˆΨκm(r) = (M + εκ) Ψκm(r), (A.4)
where εκ are the single-particle energies (s.p.e.), and the normalization is∫
dr Ψ†κm(r) Ψκm(r) = 1. (A.5)
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Table A1. Single-particle energies obtained from the MFA for 12C. For the
experimental values for 12C, see the explanation in the text. The last line gives the
1s1/2 single-particle energy for the Λ
+
c in
12
Λ+c
N hypernucleus (composed by 6 protons,
5 neutrons and 1 Λ+c ). All energies are in MeV.
Energy Level Calculated Experiment 12C
1s1/2p −38.53 −33.5
1p3/2p −13.52 −15.96
1s1/2n −42.03 −36.3
1p3/2n −16.65 −18.72
1s1/2Λ+c in
12
Λ+c
N −14.32 −
Table A1 presents the results for the single-particle energies (s.p.e.) — the values of
the parameters are fixed as discussed at the end of Sec. ISPM. The experimental values
for neutron and proton 1p3/2 s.p.e. in
12C are taken to be 1p3/2 hole states obtained
from the separation energies calculated from the differences of experimental binding
energies of 12C, 11C and 12B [80] §: B(12C) = 92.16279 MeV, B(11C) = 73.4414 MeV,
and B(11B) = 76.2059 MeV. The proton 1s1/2 s.p.e. energy is obtained from data [81]
on the knock-out reaction 12C(p,2p)11B which indicate that the deep-proton-hole state
1s1/2 is located ∼ 20 MeV above the 1p3/2 ground state in 11B, giving a value of ∼ −33.5
MeV for 1s1/2p in
12C. However, knock-out reactions on neutrons such as (p,p’n) and
(e,e’n) have not been reported, therefore, we assume that the energy separation between
neutron 1p3/2 and 1s1/2 states is the same as that of the protons, which yields the value
of ∼ −36.3 MeV for the the 1s1/2n state (note that in our calculation of the s.p.e., the
effect of the Coulomb force).
As remarked in Sec. 2, to describe the NMWD of 12
Λ+c
N in the IPSM, the MFA
is performed for 12C, i.e. the Λ+c wave functions should be those generated by mean
fields for the 12C nucleus. However, it is instructive to estimate the effect of neglecting
the contribution of Λ+c to the sources of the meson mean fields. We have repeated
the calculation of the bound wave functions by solving the Dirac and meson equations
self-conistently, but still enforcing spherical symmetry of the nucleus. We found that
the biding energies of the 1s1/2p and 1p3/2p states decrease by 10% and 20% respetively,
of the Λ+c is increased by 6%, and there is almost no change in the neutron binding
energies. On the other hand, the changes in the bound-state wave functions lead o a
change of the order of 1% in NMWD rates. Deviations from non-sphericity of the nuclei
have not been estimated and their study is left for a future publication.
The continuum single-particle states should be taken as the positive-energy
§ Strictly speaking, the s.p.e. are equal to the separation energies only for states double-closed-shell
nuclei that lie close to the Fermi level [64]. Therefore, the experimental values quoted in Table A1
should be taken as guidance only.
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scattering eigenfunctions of the Hamiltonian in Eq. (9) with asymptotic momentum
p and spin projection s. However, those will be approximated by the corresponding
Dirac plane waves, which are expanded as follows (see Ref. [72], Appendix D):
ψps(r) =
∑
κm
〈pˆs|κm〉∗ ψpκm(r), (A.6)
with
〈pˆs|κm〉∗ = 4piil
∑
µ
(lµ
1
2
s|jm)Y ∗lµ(pˆ), (A.7)
and
ψpκm(r) =
(
fpκ(r)Φκm(rˆ)
−igpκ(r)Φ−κm(rˆ)
)
≡
(
↑ψpκm(r)
−i ↓ψpκm(r)
)
, (A.8)
where the radial partial-waves, in unitary normalization, are
fpκ(r) =
√
E + MN
2E
jlκ(pr), (A.9)
and
gpκ(r) = −sgn(κ)
√
E −MN
2E
jl¯κ(pr), (A.10)
with l¯κ = l−κ. The expansion coefficients 〈pˆs|κm〉∗ fulfill the following relations∑
s
∫
dpˆ 〈pˆs|κm〉∗〈pˆs|κ′m′〉 = (4pi)2δκκ′δmm′ , (A.11)
and
2jˆ2δjj′
∑
sm
∫
dpˆ 〈pˆs|κm〉∗〈pˆs|κ′m〉 · · · = (4pi)2δκκ′
∫ 1
−1
d cos θ · · · . (A.12)
The first of these relations can be easily verified, while the second one is shown
in Appendix A of Ref. [58].
Appendix B. Partial-wave decomposition of Mpi and MK
Using Eq. (A.6) for both outgoing particles, the transition amplitude in Eq. (15) becomes
M =
∑
κΛmΛ
κpmp
〈pˆΛsΛ|κΛmΛ〉 〈pˆpsp|κpmp〉(Mpi −MK), (B.1)
where
Mpi ≡
∫
dxdyψ¯pΛκΛmΛ(x)Γ
pi(tΛ, tp)Ψj
Λ+c
m
Λ+c
(x)∆pi(|x− y|)ψ¯ppκpmp(y)γ5Ψjnmn(y),
MK ≡
∫
dxdyψ¯ppκpmp(x)Γ
K(tp, tΛ)Ψj
Λ+c
m
Λ+c
(x)∆K(|x− y|)ψ¯pΛκΛmΛ(y)γ5Ψjnmn(y).(B.2)
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Now we introduce the angular momentum couplings J = jΛ+c + jn and J
′ = jΛ + jp
in Mpi, and J = jΛ+c + jn and J
′ = jp + jΛ in MK . As ∆M is rotationally invariant, it
turns out that J = J ′, which leads to
Mpi −MK =
∑
JM
(jΛmΛjpmp|JM) (jΛ+c mΛ+c jnmn|JM)(MpiJ − (−)jΛ+jp+JMKJ ), (B.3)
where the phase (−)jΛ+jp+J comes from the property of Clebsh-Gordan coefficients
(jpmpjΛmΛ|JM) = (−)jΛ+jp+J(jΛmΛjpmp|JM). In more detail, one has for the pion
contribution
MpiJ = − i
∫
dx dy∆pi(|x− y|) {[Api(tΛ, tp)ρA(x)− iBpi(tΛ, tp)ρB(x)] ρC(y)}(J) , (B.4)
where (J) ≡ (jΛjp, jΛ+c jn; J) indicates the angular momentum coupling described above,
and the transition densities are
ρA(x) =
↑ψ
∗
pΛκΛ
(x)↑Ψκ
Λ+c
(x)− ↓ψ∗pΛκΛ(x)↓ΨκΛ+c (x),
ρB(x) =
↑ψ
∗
pΛκΛ
(x)↓Ψκ
Λ+c
(x) + ↓ψ
∗
pΛκΛ
(x)↑Ψκ
Λ+c
(x),
ρC(y) =
↑ψ
∗
ppκp(y)
↓Ψκn(y) +
↓ψ
∗
ppκp(y)
↑Ψκn(y). (B.5)
To carry out the coordinate integrations it is convenient to perform a tensor expansion
of the propagators in Eq. (19), for M = pi,K, as follows:
∆M(|x− y|) =
∑
L
∆ML (x, y) [YL(xˆ) · YL(yˆ)], (B.6)
where YL(xˆ) denotes the spherical tensor whose components are the spherical harmonics
YLM(xˆ) and similarly for YL(xˆ), and
∆ML (x, y) = 2pi
∫
d(cos θxy) ∆
M(|x− y|)PL(cos θxy), (B.7)
with PL being a Legendre polynomial. Thus, Eq. (B.4) becomes
MpiJ = − i
∑
L
∫
dx dy∆piL(x, y)[YL(xˆ) · YL(yˆ)]
× {[Api(tΛ, tp)ρA(x)− iBpi(tΛ, tp)ρB(x)] ρC(y)}(J) , (B.8)
Making use of the well known property of the scalar product of two tensor operators [82]
〈j1j2J |[YL(xˆ) ·YL(yˆ)]|j3j4J〉 = (−)j2+j3+J
{
j1 j2 J
j4 j3 L
}
〈j1||YL||j3〉〈j2||YL||j4〉, (B.9)
and defining
ALκκ
Λ+c
(rp) = [fpκ(r)Fκ
Λ+c
(r)− gpκ(r)Gκ
Λ+c
(r)] 〈κ||YL||κΛ+c 〉,
BLκκ
Λ+c
(rp) = [fpκ(r)Gκ
Λ+c
(r) + gpκ(r)Fκ
Λ+c
(r)] 〈−κ||YL||κΛ+c 〉,
CLκκn(rp) = [fpκ(r)Gκn(r) + gpκ(r)Fκn(r)] 〈−κ||YL||κn〉, (B.10)
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a trivial, but tedious algebra gives
MpiJ =
∑
L
(−)jp+jΛ+c +J
{
jΛ jp J
jn jΛ+c L
}
MpiL, (B.11)
where
MpiL ≡ −
∫
dxdy xy [Bpi(tΛ, tp)BLκΛκΛ+c (xpΛ) + iA
pi(tΛ, tp)A
L
κΛκΛ+c
(xpΛ)]
× ∆piL(x, y)CLκpκn(ypp). (B.12)
In the convention adopted in Eq. (A.3), the reduced matrix elements to be used in
Eq. (B.10) are‖
〈κ||YL||κ′〉 = (4pi)−1/2(−)l+l′+j′−1/2jˆjˆ′Lˆ
(
j L j′
−1
2
0 1
2
)
1 + (−)l+l′+L
2
,
〈−κ||YL||κ′〉 = (4pi)−1/2(−)l¯+l′+j′−1/2jˆjˆ′Lˆ
(
j L j′
−1
2
0 1
2
)
1 + (−)l¯+l′+L
2
, (B.13)
which satisfy the following symmetry property: 〈κ||YL||−κ′〉 = 〈−κ||YL||κ′〉. The
amplitude for the kaon contribution can be easily obtained by making the following
substitutions in Eqs. (B.11) and (B.12): MpiJ ,M
pi
L → MKJ ,MKL , jΛ, κΛ, pΛ ↔ jp, κp, pp,
Api(tΛ, tp),Bpi(tΛ, tp)→ AK(tp, tΛ),BK(tp, tΛ), and ∆pi,∆piL → ∆K ,∆KL .
Appendix C. Integration over Tp in Eq. (40)
The first step towards the evaluation of the integration over Tp, we use Eq. (21) so that
f(Tp) can be written as
f(Tp) = a+ Tp +
√
b+ Tp(c+ Tp) + d
√
Tp(c+ Tp), (C.1)
with
a = TΛ −MR −∆jn , b = M2R + p2Λ, c = 2Mp, d = 2pΛ cos θΛp. (C.2)
We are then faced with an integration of the form
I =
∫
dxF (x) δ[f(x)] (C.3)
where f(x) is defined in Eq. (C.1), with x = Tp:
f(x) = a+ x+
√
b+ x(c+ x) + d
√
x(c+ x), (C.4)
‖ The phases appearing in the corresponding equations in Ref. [58] are for the opposite ordering in the
spin-orbit coupling. This is innocuous for the rates, but may be important for other observables. Notice
also that, irrespectively of the spin-orbit ordering, one has [64]: 〈κ||YL||κ′〉 = (−)κ+κ′ 〈κ′||YL||κ〉.
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and a, b, c and d defined in Eq. (C.2). To eliminate the delta-function, we use the
identity
δ[f(x)] =
∑
n
δ(x− xn)
|f ′(xn)| , (C.5)
where the summation is over all the real-valued simple zeros of f(x), i.e.,
f(xn) = 0, f
′(xn) 6= 0. (C.6)
Introducing (C.5) into Eq. (C.3) gives
I =
∑
n
′ F (xn)
|f ′(xn)| , (C.7)
where the prime in the summation sign is to remind that only those zeros that fall
within the region of integration in Eq. (C.3) are to be included. In our case, x stands
for a kinetic energy, therefore we must require that xn > 0.
To find the zeros, we need to solve the equation f(x) = 0, i.e.,√
b+ x(c+ x) + d
√
x(c+ x) = − (a+ x). (C.8)
Squaring it, gives
d
√
x(c+ x) = (a+ x)2 − [b+ x(c+ x)], (C.9)
and squaring this latter expression, gives
d2 x(c+ x) = {(a+ x)2 − [b+ x(c+ x)]}2. (C.10)
Noticing that
(a+ x)2 − [b+ x(c+ x)] ≡ (a2 − b)− (c− 2a)x, (C.11)
it is clear that Eq. (C.10) can be written as
αx2 + β x+ γ = 0, (C.12)
with the coefficients α, β, γ given in terms of a, b, c, d as
α = (c− 2a)2 − d2, (C.13)
β = − [2(a2 − b)(c− 2a) + cd2], (C.14)
γ = (a2 − b)2. (C.15)
The roots of the quadratic equation (C.12) are given by
x±n =
−β ±√β2 − 4αγ
2α
, (C.16)
with the discriminant given by
β2 − 4αγ = d2{4(a2 − b)[(c− 2a)c+ (a2 − b)] + c2d2}. (C.17)
It is important to note that in the manipulations to arrive at Eq. (C.12), spurious
solutions might have been introduced and one needs to verify whether these two roots
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do indeed satisfy the original equation, Eq. (C.8). Only then can they be taken as
legitimate solutions to our problem. In particular, the derivative f ′(xn) is given, at the
legitimate zeros, by
f ′(xn) = 1− c+ 2xn
2(a+ xn)
− d(c+ 2xn)
4(a+ xn)
√
xn(c+ xn)
. (C.18)
Since x = Tp and x
± = T±p , one then have
δ[f(Tp)] =
δ(Tp − T+p )
|f ′(T+p )|
+
δ(Tp − T−p )
|f ′(T−p )|
, (C.19)
where
f ′(T±p ) = 1−
Mp + T
±
p
TΛ −MR −∆jn + T±p
− pΛ cos θΛp(Mp + T
±
p )
(TΛ −MR −∆jn + T±p )
√
T±p (2Mp + T±p )
, (C.20)
with
T±p =
K1(TΛ, cos θΛp)± |pΛ cos θΛp|
√
K2(TΛ, cos θΛp)
2K3(TΛ, cos θΛp)
, (C.21)
where
K1(TΛ, cos θΛp) = (Mp +MR + ∆jn − TΛ) [∆jn(2MR + ∆jn)
− 2(MΛ +MR + ∆jn)TΛ]
+ 2Mp TΛ(2MΛ + TΛ) cos
2 θΛp, (C.22)
K2(TΛ, cos θΛp) = [∆jn(2MR + ∆jn)− 2(MΛ +MR + ∆jn)TΛ]
× [4Mp(Mp +MR) + ∆jn(2MR + 4Mp + ∆jn)
− 2(MΛ +MR + 2Mp + ∆jn)TΛ]
+ 4M2p TΛ(2MΛ + TΛ) cos
2 θΛp, (C.23)
K3(TΛ, cos θΛp) = (Mp +MR + ∆jn − TΛ)2 − TΛ(2MΛ + TΛ) cos2 θΛp. (C.24)
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